Asteroseismology is witnessing a revolution thanks to high-precise asteroseismic space data (MOST, CoRoT, Kepler, BRITE), and their large ground-based follow-up programs. Those instruments have provided an unprecedented large amount of information, which allows us to scrutinize its statistical properties in the quest for hidden relations among pulsational and/or physical observables. This approach might be particularly useful for stars whose pulsation content is difficult to interpret. This is the case of intermediate-mass classical pulsating stars (i.e. γ Dor, δ Scuti, hybrids) for which current theories do not properly predict the observed oscillation spectra. Here we establish a first step in finding such hidden relations from Data Mining techniques for these stars. We searched for those hidden relations in a sample of δ Scuti and hybrid stars observed by CoRoT and Kepler (74 and 153, respectively). No significant correlations between pairs of observables were found. However, two statistically significant correlations emerged from multivariable correlations in the observed seismic data, which describe the total number of observed frequencies and the largest one, respectively. Moreover, three different sets of stars were found to cluster according to their frequency density distribution. Such sets are in apparent agreement with the asteroseismic properties commonly accepted for A-F pulsating stars.
INTRODUCTION
Techniques and tools able to extract semi-empirical relations of observables from the data might be very useful to shed light on any physical phenomena yet poorly understood. In asteroseismology, these relations have been used to derive model-independent fundamental stellar parameters. One of the most illustrative examples comes from the solar-like stars: the progress in the understanding of their internal structure and evolution has been boosted thanks to the scaling relations derived from the large amount of asteroseismic data released by space missions (Hekker & Christensen-Dalsgaard 2016, and references therein) . Such an improvement has permitted the use of these relations as a proxy of masses, radii, mean densities, ages, etc., and thereby to perform more accurate stellar population studies of the galaxy (Miglio et al. 2016 (Miglio et al. , 2013 . In the case of δ Scuti stars, a semi-empirical large separation (∆ν) -stellar mean density relation has been derived using pulsating binary stars (García Hernández et al. 2015) .
In the era of space asteroseismology, the number of ob-E-mail: atreyu0@gmail.com (AM) served stars and the number of detected frequencies has increased by several orders of magnitude (Poretti et al. 2009; García Hernández et al. 2009 ). Therefore, data mining statistical tools are now suitable to confirm and fine-tune previously known relations and/or to find new ones. Some of these techniques have been already used in the context of analyzing very large databases of numerical models and observational data (Pichara et al. 2016; Verma et al. 2016; Guggenberger et al. 2016; Hon et al. 2017; Angelou et al. 2017 ).
The case of pulsating A-F stars is especially complex. The presence of a shrinking and very thin outer convective zone and their pulsations around the fundamental radial mode (δ Scuti) and/or at the asymptotic g-mode regime (γ Doradus) make them very unfriendly targets. Since the first space data analyses were done, most of the theoretical support collapsed (Grigahcène et al. 2010; Uytterhoeven et al. 2011; Balona et al. 2015) . So far, scholars have tried to understand such a disagreement (Balona et al. 2015) without success. Here, we tackle this problem by means of data mining techniques. We seek to find hidden relations among asteroseismic observables, which might help us to better understand the pulsational content of these stars. In the context of γ Doradus stars, similar efforts have been undertaken by Van Reeth et al. (2015) ; Kahraman Aliçavuş et al. (2016 Aliçavuş et al. ( , 2017 . In Section 2 we describe the data sample used for this study. In section 3 the statistical methods used are explained. Sections 4.1 to 4.3 are devoted to present the correlations and multi-variable relations found. Section 5 discusses the analysis developed for the stellar frequency density functions. Finally, the conclusions and future prospect are exposed in Section 6.
DATA SAMPLES
Since we are interested in extracting information from statistical methods, we need to work with a sufficiently large sample of stars whose light-curves had been observed from space, and for which their physical parameters had been determined. Currently, for A-F pulsating stars, the most complete datasets fulfilling these criteria can be found in the CoRoT (Baglin et al. 2006) and Kepler (Gilliland et al. 2010) archives. In the present work, the dataset is composed of δ Scuti and hybrid stars observed by those space missions. This ensures that our results have no instrumental bias or systematic errors.
The CoRoT sample is composed by 90 δ Scuti stars observed on the EXO field during the LRa01 run, i.e., the first long run in the direction of the galactic anti-center, with a time span of 131 days, and a sampling time of 8 minutes. The oscillation spectra were filtered to remove low frequencies below 2 d −1 . Additional filters were considered in order to avoid spurious peaks. Only those stars for which a periodic pattern is found were kept (see details in Paparó et al. 2016) . The final CoRoT sample used in this work has 74 stars with fundamental parameters (T eff , logg and radial velocities), obtained using low-resolution spectroscopic measurements with the AAOmega instrument (Hareter 2012). The absence of frequencies lower than 2 d −1 in the CoRoT sample introduces a bias with a low impact on our studies. The analysis of the lower frequency of the sample won't be reliable due to this bias. Nevertheless, the correlations of this observable have been analyzed by Van Reeth et al. (2015) . The rest of the observables used in our study are almost insensitive to this filter.
The Kepler sample contains 153 stars, classified as δ Scuti or Hybrids following a comprehensive analysis of both their fundamental parameters and their pulsational content (see details in Uytterhoeven et al. 2011) . No particular filters were applied to this sample. All these stars were observed in short cadence (58.9s) ensuring that all the frequencies are below the Nyquist frequency. The only exception is KIC-3429637, observed with the long cadence sampling. This object has the largest amplitude frequency at 10 d −1 and a maximum frequency of 22 d −1 and therefore only a marginal (if any) contamination by spurious frequencies is expected. In any case, this particular case remains too marginal to have an impact on the present statistical study.
For the complete sample we extracted the following asteroseismic observables defined as: minimum frequency (ν min ), maximum frequency (ν max ), frequency of the mode with the largest amplitude (ν max,a ), frequency range (D = ν max -ν min ), number of observed frequencies (N f ), maximum amplitude (A max ), frequency with the largest density of modes (ν max,d ), and the large separation, ∆ν. This latter was obtained using the discrete Fourier Transform to the frequency set (García Hernández et al. 2009 , 2013 and the methodology described in García Hernández et al. (2015) . There, the quasi-periodicities found in the observed oscillation spectrum are proved to be large separations in the low order regime(see Suárez et al. 2014 , for a theoretical support). However, we could only find the ∆ν in the Kepler sample for 76 out of the 153 stars.
In addition to those seismic observables, we included the effective temperature (T eff ), surface gravity (g), apparent magnitude at filter "B" (m B ), and two non-compound observables: the convective efficiency of the outer convection zone and the energy of the pulsation mode, defined as E = (T 3 eff * log(g)) −2/3 and E = [A · ν max,a ] 2 (see details in Uytterhoeven et al. 2011) .
We use the apparent magnitude m B and not the absolute magnitude because we want to incorporate to our study information about our technical capability to detect low amplitude frequencies. For a certain instrument, ν max , ν min , D, and N f can be correlated with the apparent magnitude. On the other hand, the information can offer the absolute magnitude is taken into account using the surface gravity.
In Table 4 a subset of the complete table is shown. All the data are available on-line.
THE METHOD
We considered the whole set of observables for the complete set of stars, with no restrictions or conditions of any kind. Since the main goal of the current study is to take a first look at the available data to find possible patterns hidden there, we have used the central observed values without uncertainties. We first analyzed the cross-correlation of all the combinations of pairs of observables, with the aim of getting a first overview of the most direct relations between variables.
With this in mind, for all the observables we performed a systematic search for hidden patterns by applying to each one the following procedure: (i) We chose one variable as dependent variable.
(ii) We generated all the possible combinations using the remaining 'independent' variables, that is, 4095 combinations.
(iii) For every combination, we performed a linear regression with the selected dependent variable (i). This regression provides a list of coefficients (one per variable), their error, their statistical degree of confidence, and the R 2 statistic, interpreted as the variability explained by the regression compared to the total variability of the data.
(iv) We selected the regression with the largest R 2 value as the reference combination. As expected, we found several relations with a R 2 close this reference value. To avoid thus an arbitrary selection, we refined the reference relation. We did so by applying the linear regression explained in the previous step, changing its variables and using the Akaike Information Criterion (AIC) as a tiebreaker (Venables & Ripley 2002b) . This provided a final winning combination.
(v) Finally, we studied the relative importance of each variable. Following Lindeman et al. (1980) , we analyzed the covariance matrix to estimate the R 2 contribution of each independent variable averaged over orderings among regressors. This allowed us to detect and remove spurious variables from the final selected combination.
Thirteen linear regressions were found, one per observable, although not all of them are statistically significant. Only those combinations explaining at least a 75% of the variance of the dependent variable, that is, those with R 2 ≥ 0.75, were considered as statistically significant.
Furthermore, we also searched for non-linear relations. To do so, we applied the procedure described above but with the variables in logarithmic scale. This yields an additional set of thirteen relations, with the same criterion for the statistical significance (R 2 ≥ 0.75).
The difference among δ Scuti, γ Doradus, and hybrid stars is not clearly established. It is usually accepted that frequencies above 5 d −1 belong to the δ Scuti regime and those bellow this limit correspond to the γ Doradus regime. However, analyses of space observations yielded frequencies almost everywhere with a significant overlap of both regimes. This contradicts standard non-adiabatic model predictions. In order to find patterns avoiding this uncertainty, we generated an additional set of observables only analyzing the classical δ Scuti frequency regime. The results found in our study are almost independent of the set considered.
SEARCHING FOR PATTERNS IN THE
SEISMIC DATA
Correlation between pairs of observables
In order to measure the degree of correlation between pairs of observables, we adopted the Kendall rank correlation coefficient, τ (Kendall 1938). It measures the ordinal correlation between two variables. That is, we sort and rank the two variables and study the correlation between the positions of every pair of measurements in the respective ranks. Kendall-τ measures the concordance/discordance probability of the two observables.
The correlation analysis of all the possible pairs of observables considered in this work shows no clear direct corre- 
First relation: Total number of frequencies
In order to study non-linear relations, we applied the methodology described in Sect. 3 to the selected variables in logarithmic scale. We found a first relevant relation which links the total number of observed frequencies with the maximum observed amplitude, the stellar magnitude, the range of observed frequencies, and the large separation:
where K 1 is the constant of proportionality that accounts for the dimensions involved. The linear regression of this relation using the log values was performed with 142 stars, i.e. those having all these observables informed. It has a R 2 = 0.78, with a F − test = 120.2 with 4 and 133 degrees of freedom, what leads to a P-value smaller than 2.2 · 10 −16 for the null hypothesis. That is, the regression is statistically significant.
In Table 1 we show the coefficients obtained for the different independent variables and their uncertainties. In addition, we show the t and P-values of each coefficient to test their statistical significance. Finally, we show the relative importance of each variable as explained in Section 3.
The statistical significance of every coefficient is really high. Likewise, the magnitude and the frequency range seem to be the most important terms, respectively explaining by themselves a 37% and 36% of the 78% of the variance explained by the regression. On the other hand, the large separation is the term with a smaller weight, at the limit of its rejection as a significant term. Its significant P-value and the decrease in the R 2 value of the regression without this term suggest its inclusion.
In Fig. 2 we show a comparison of the logarithm of the number of frequencies predicted by the regressed relation and the real logarithm of the number of frequencies. If R 2 = 1 all the points should be placed at the red line. As the regression explains a 78% of the variance, there is a random distribution around this line. We see a clear separation between CoRoT and Kepler samples due to the different magnitudes where these space missions are focused on. While the CoRoT samples are centered around m B = 13, the Kepler ones are centered around m B = 9.66 (see Fig. 3 ).
Second relation: Maximum frequency
A second relation emerged when examining all the possible correlations among observables. It relates the maximum observed frequency with a set of six observables: ν max,a , N f , ∆ν, m B , E, and E. The observable E was re-scaled by 10 9 to avoid potential numerical issues. Although those observables present quite different relative importance, the whole set is required to explain the observed variance. The pattern found has the form
The linear regression of this relation was performed with the subset of 125 stars for which all the selected observables were available. The fit was found statistically significant with R 2 = 0.78, in with a F − test = 59 for 6 and 119 degrees of freedom, what leads to a P-value < 2.2 · 10 −16 for the null hypothesis.
In Table 2 we show the coefficients obtained for the different independent variables and their uncertainties. As in Table 1 , we also show the t and P-values of each coefficient to test their statistical significance and the relative importance of each variable.
The frequency of the maximum amplitude mode justifies itself a 36% of the 78% of the variance explained by the regression, thereby becoming the observable with the largest impact on the relation. Moreover, its coefficient is close to the unity, which suggests a significant almost direct relation between ν max and ν max,a . The number of frequencies and the magnitude have similar (significant) contributions to the regression (22% and 21%, respectively). That suggests that, as expected, the instrumental precision plays a key role in finding the maximum frequency. Likewise, the large separation presents a non-negligible relative importance of 13%. The remaining E and E contribute marginally to the fit. Indeed, for those variables, the t and P-values of the coefficients show that only c 5 has poor statistical significance, which, together with their small RI cast doubts on the actual presence of the convective efficiency in the pattern.
In Fig. 4 we show a comparison of the maximum observed frequency predicted by the regressed relation and the real maximum observed frequency. When R 2 = 1 all the points should be placed over a line (red line). As the regression explains a 78% of the variance, there is a random distribution around this line.
FREQUENCY DISTRIBUTION PATTERNS
Following Balona et al. (2015), we sought to extract information from the pulsation frequency distributions. To do so, we analyzed the frequency density of our data samples. For every star, we calculated a Frequency Density Function (FDF) with Gaussian functions as the kernel. The number of Gaussians used to construct the FDF depends on each individual case. No limits for this number were considered.
A huge diversity of FDF profiles was found with no evident correlations and/or clustering under visual inspection. From this inspection, the commonly accepted transition between γ Doradus and δ Scuti pulsations around 5 d −1 is not supported since significant frequency density is found almost everywhere in the frequency spectrum. Therefore, in the case that different clusters with physical information were present, they would overlap at low frequencies and they would have large internal heterogeneity.
We studied potentially hidden clusters from the whole set of calculated FDF in the quest for common properties. To do so, we used the K-means method (Lloyd 1982) . It performs an efficient clustering (Kanungo et al. 2002) , especially in the case of complex and overlapped data, based on a simple partition algorithm. After numerous tests, we found 3 as the optimum number of FDF clusters. In this context, optimization is interpreted as the most informative case, i.e. a balance between clusters with different physical properties and noisy results (coming from the overlapping).
The analysis of the aggregate FDF for the three clusters (Fig. 5 ) revealed some interesting facts:
1-All clusters show frequency density at low frequencies. 2-All clusters exhibit two clearly distinct density regions (at low and high frequencies) that can be regarded as γ Doradus and δ Scuti frequency domains, respectively.
3-The transition between these two domains presents in all cases a minimum, non-zero, frequency density zone.
4-In the δ Scuti domain, the larger the frequency with the maximum density, the larger the dispersion.
5-The cluster with the δ Scuti maximum density at lower frequency has the largest γ Doradus frequency density.
Inspired by fact (4-), we fitted every FDF to a single Gaussian with the aim of extracting a representative frequency with the maximum density (µ) and a representative dispersion (σ). We are aware that not all the FDF can be correctly described using a single Gaussian, however, we adopted this hypothesis with the objective of analyzing the general behavior of the clusters.
When applied this fitting to our data, we obtained a clear separation of the total population into the three sets found by the K-means algorithm in this space of parameters (Fig 6 . This ensures the robustness of the clustering solution found.
We studied whether these different groups have different physical characteristics. In our sample, the only non- seismic properties are the effective temperature and the surface gravity, that is, the individual location of each star in the HR-Diagram (Fig. 7) . The classical limits of δ Scuti and γ Doradus instability strip were taken, respectively, from Pamyatnykh (2000) and Dupret et al. (2005) . For comparison with recent theoretical developments, we also considered the instability strips predicted by Xiong et al. (2016) (dashed lines at Fig. 7) . The low-temperature limits provided by these authors are located bellow the 1.4M evolutionary track, out of the ranges of our plot. These classical instability zones (especially the γ Doradus strip) were no longer valid when space data were analyzed (Uytterhoeven et al. 2011; Balona et al. 2015) . In Fig. 7 we can see how there are stars of every group everywhere, as it has been shown in previous studies.
If we obtain the median of log 10 T e f f and log 10 g of each cluster, the different groups are distributed in the HRDiagram as shown in Fig. 7 . We can see how these median values recover somehow the classical scheme in T e f f . In aggregate terms, class 3 has the largest density at low frequencies. In addition, as the median T e f f of the group increases, the position of the δ Scuti maximum density shifts to larger frequencies, providing a physical explanation for the fact (4-).
Finally, the position of the minimum density γ Doradus -δ Scuti transition also increases with temperature (Table 3). This somehow confirms the widely adopted limit of 5 d −1 to discriminate between γ Doradus and δ Scuti frequencies, at least for low-temperature stars. This shows as well, that this transition can be temperature-dependent.
In any case, we must be aware that we are extracting conclusions from median values of a clustering where the members are really heterogeneous. Any application to individual stars must be taken with caution. Therefore these results should be regarded as a first approximation for understanding the underlying physics of the observational data.
CONCLUSIONS AND FUTURE PROSPECTS
The use of data mining techniques to study a large sample of pulsating A-F stars observed by the CoRoT and Kepler satellites has allowed us to search for relations between seismic magnitudes, which remain hidden from the theoretical analysis. When we analyze correlations between pairs of observables, we don't find any significant result. In addition, when we search for multivariable correlations, two relations were found to be statistically significant, which describe:
• The total number of observed frequencies as a nonlinear function of the stellar magnitude, the observed frequency range, the maximum amplitude and the large separation, with different relative importances each.
• The largest observed frequency as a linear function of the frequency of the mode with the largest amplitude, the stellar magnitude, the number of observed frequencies, the large separation and, to a lesser extent, E and E. Also with different relative importance each.
Interestingly, the seismic components of those relations (e.g. ν max , ∆ν, etc. ) are nowadays commonly considered as seismic indices, widely used in solar-like stars 1 . This guarantees the availability of such data in the archives for present and future seismic observations (e.g. Ricker et al. 2009; Rauer et al. 2014) .
Furthermore, a clustering analysis of the sample revealed an interesting classification based on their frequency density distribution. In particular, low-and mediumfrequency domains seem to be separated. These roughly correspond to the asteroseismic properties accepted for A-F pulsating stars. We also point out to the possible temperaturedependent definition of the transition between δ Scuti and γ Doradus pulsation regimes. This may help to better understand the current open issues regarding the excitation mechanisms of those classical pulsators (Uytterhoeven et al. 2011) .
Refinement of the present results will be obtained by increasing the quantity and quality of the sample, which is somehow guaranteed by the new datasets from K2 missions, BRITE, and the coming space missions TESS and PLATO. For the quality, understood as the accuracy in the determination of the different seismic indexes, the future seems promising since a whole community is devoting significant efforts in the scientific preparation of those missions.
In this context, the present results pave the way to the massive seismic analysis of pulsating A-F stars, and thus better understand their role in the galaxy (e.g. in stellar population studies). To do so, we first need to understand the physics beyond the present results (work in prep.), which will allow us to find proxies for stellar bulk parameters from asteroseismology.
We plan to extend this study to the largest (and heterogeneous) possible sample, using all the new space data catalogs of pulsating A-F stars available (e.g. Tkachenko et al. 2013; Bradley et al. 2015) . The bottle-neck, in this case, is the calculation of the large separation of every star. In that work, such a large sample will enhance the statistics, allowing us to properly assess the impact of the observational uncertainties in our studies. In addition, the publication of new and most accurate physical stellar properties 
